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2-VECTOR BUNDLES, D-BRANES AND FROBENIUS MANIFOLDS 


ANIBAL AMOREO AND JORGE A. DEVOTO 

ABSTRACT. We show that if M is a Frobenius manifold of dimension n such that T X M is semisimple 
for every IE M, then there exists a canonical 2-vector bundle B over M of rank n. This 2-vector bundle 
encodes the information about the maximal category of D-branes associated to the open closed topo¬ 
logical field theories defined by the Frobenius algebras T X M. In particular this construction answers 
a conjecture of Graeme Segal in |Seg07) . We also explain the relation of the labels of the D-branes to 
Azumaya algebras and twisted vector bundles on the spectral cover S of M. 


1. Introduction 


The aim of the present work is to give a positive answer to a remark of G. Segal, in | Seg07| , about 
a possible relation between 2-vector bundles and the moduli space of topological field theories. 

The geometric objects involved in this remark - 2-vector bundles - are a topological generalisa¬ 
tion of the algebraic notion of 2-vector spaces. The notion of 2-vector spaces was introduced by M. 
Kapranov and V. Voedvodski in HKV94H . This notion is a categorification of the concept of vector 
space. The idea of 2-vector bundles was proposed as a geometric model for elliptic cohomology. 
Constructions and definitions of 2-vector bundles were proposed by J.L. Brylinsky | Bry98| and N. 
Baas, B. Dundas and J Rognes l BDK04n I. 

The ideas behind these constructions are related to physics, in particular string theory. At the 
beginning of the 90's it was suggested, see for example 1 Erc941 , that some form of 2-vector spaces 
should be attached to the endpoints of an open string. In | Seg07| Graeme Segal suggested that 
there might be a relation between 2-vector bundles and the moduli space of topological field the¬ 
ories. 
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Two dimensional topological field theories can be algebraically described in terms of commuta¬ 
tive Frobenius algebras. In the case of commutative semisimple Frobenius algebras G. Moore and 
G. Segal IIMSQ61 [ea09l found a geometric description of these algebras as the algebras of functions 
on finite sets equipped with a measure. These finite sets play the role of spacetimes in the the¬ 
ory. It is then natural to think that a smoothly varying family of 2d-topological field theories is a 
pair (tt : S —t M,/) formed by a smooth manifold M with a fixed finite sheeted covering space 
S —V Ad and a function / : S —> R. The points x of M parametrise the topological field theories 
of the family defined by the fibres 7T _1 (x) with the measure induced by /. This type of structure 
appeared in the work of Saito about unfoldings of singularities. The structure reappeared in the 
notion of a Frobenius manifold defined by B. Dubrovin |Dub95 |. A Frobenius manifold is basically a 
manifold M with the property that the tangent spaces T X M have a structure of a Frobenius algebra 
Vx G M. Frobenius manifolds define a geometric model for the solutions of WDVV equations. 
These equations capture the deformations of topological conformal field theories. When T X M is 
semisimple for every x G M, then M has a canonically associated covering space S —t M called 
the spectral cover. This covering space has a natural function on it which provides the measure. 
This fact provides the connection between the viewpoints of Moore and Segal and the definition 
given by Dubrovin. 

The plan of this paper is the following. In Section [2] we recall some basic facts and definitions 
about open and closed 2d-topological field theories, Frobenius algebras, Calabi-Yau categories 
and Frobenius manifolds, we also define Cardy categories. In the next section we describe 2-vector 
spaces, 2-vector bundles and twisted vector bundles. We shall give a summary of Moore and Segal 
description of the maximal category of D-branes in an open and closed topological field theory. In 
section|4]we introduce the notion of Cardy fibrations over Frobenius manifolds.. Then in Section 
[5]we give a local characterisation of maximal Cardy fibrations and we show that maximal Cardy 
fibrations define two vector bundles. In the next section. Section [6] we show that some sectors of 
a maximal Cardy fibration are related to twisted vector bundles and Azumaya algebras over the 
spectral cover of a Frobenius manifold. 


2. Topological D-branes and Frobenius manifolds 
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2.1. Open and closed 2d topological field theories. Let us roughly describe the basic aspects of 2d 
topological field theories (TFT). Precise definitions for closed theories can be found, for example, 
in the article of L. Abrams I Abi'% 1; the references for the relevant definitions for open and closed 
topological field theories are the article of G. Moore and G. Segal I MS06 1 and chapter 2 of [ ea09 l. 

The description of a closed TFT is as follows: Let Cob denote the (pseudo) category whose ob¬ 
jects are closed, oriented, 1-dimensional manifolds. We shall consider the empty set as an object 
of Cob. If N and M are objects of Cob, then a morphism N —» M is an ordered pair (E, (p) formed 
by a compact two dimensional oriented manifold E and an orientation preserving diffemorphism 
(p : r)E —> TV U —M, where —M denotes the manifold M with the opposite orientation. A conve¬ 
nient way to describe a cobordism is to use the following diagram N —» E <— —M. Two cobor- 
disms (E, (p ) and (Ej, ip) are to be identified if there is an orientation preserving diffeomorphism 
« : E —>■ Ej such that the diagram 


E 



commutes. Any object of Cob is diffeomorphic to a disjoint union of copies of the standard circle 
S 1 and the empty set. If C| and C 2 are objects of Cob and E is a cobordism between them, the 
circles in Ci are called ingoing and the circles in C 2 are called outgoing. The morphisms in Cob are 
generated by the following figures, where the outgoing circles are written to the right 



FIGURE 1. Generators of morphisms in Cob. 


The category Cob has a monoidal structure induced by the disjoint union of manifolds. 
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Definition 2.1. Let Vect denote the category of vector spaces over C. A 2 d-closed topological field 
theory (or TFT) is a functor F : Cob —> Vect such that 

F(C 1 UC 2 )-F(C 1 )®F(C 2 ). (1) 

A closed topological field theory is determined by two vector spaces: The vector space A — 
F(S 1 ) and the vector space F(0). The multiplicative condition, given by equation (JTJ, implies that 
F(0) is the ground field C. On the other hand the generators of the morphisms in Cob induce on 
A the following structure 



FIGURE 2. Structure of A. 

We shall assume that the homomorphism associated to the cylinder is the identity The mor¬ 
phisms in diagram [2] must satisfy compatibility conditions. The algebraic structure induced on A 
is the structure of a Frohenius algebra- the precise definition is in Section |Z2| 

Categories of branes are obtained when one considers a bigger cobordism category, namely 
open and closed cobordism. The (pseudo) category Ocob is the category where the objects are 
one dimensional, compact, oriented manifolds with (possibly empty) boundary. If the boundary 
is non-empty we shall suppose that each connected component of the boundary is labelled by an 
element of a fixed set B. The set B is called the set of boundary conditions. Any element of Ocob is 
diffeomorphic to a disjoint union of elements of the form given in figure |3j 

A cobordism X between two objects Co and Cj of Ocob is an oriented surface whose boundary 
consists of three parts 3X — Co U C\ U C cs t r . The part C cs tr is called the constrained boundary and is 
a cobordism from 3Co to 3Q. The components of C cs tr are labelled in a way compatible with the 
labelling of 3Co and 3Q. See figure |4] 
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FIGURE 3. Basic elements of Ocob. 



FIGURE 4. Open cobordism 

Definition 2.2. An open and dosed topological field theory is a functor F : Ocob —> Vect satisfying the 
multiplicative axiom ([lj. 

An open and closed topological field theory is algebraically described by a certain class of "self¬ 
dual" categories which we shall call Cardy categories, see Section |Z3| We shall write F„i, for the 
image of the interval with labels a and b. See figure[3] 

2.2. Frobenius algebras. We will recall here some basic facts about Frobenius algebras. A gen¬ 
eral reference about Frobenius algebras over a field is HAbr96l . We shall need also some basic 
definitions about Frobenius algebras over rings - see for example 1EN55 1. Let R denote a commu¬ 
tative ring. If A is an R-module we shall write A* = Hom/j (A, R) for the dual module. If A is a 
R-algebra, then A* has a natural structure of a left A-module given by 


(acp){b) = q>(ab), 


(2) 
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for a, b in A and cp in A*. We shall write (, ) for the evaluation map A* x A —X R. 

Definition 2.3. Let R denote a commutative ring. A R-Frobenins algebra is a quadruple (A, e, ft, <h) 
consisting of a finitely generated, projective, associative R-algebra A with unit e, multiplication 
map y : A X A —X A and a left A-module isomorphism 

<t>: A -4 A*. (3) 

In the case when R — C we obtain the following equivalent definition. 

Definition 2.4. A Frobenius algebra is a quadruple (A, e, ft, 9) consisting of a finitely generated, 
associative C-algebra A with unit e, multiplication map ft : A x A —X A and a linear form 

9 : A -> C, (4) 

called the trace, such that the bilinear form g : A x A —x C given by: 

g( X/ y) =9(fi(x,y)) (5) 

is non-degenerate. 

The trace 9 is related to <J> via the identity 0(a) — (<F>(a), e). 

Remark 2.5. The form g will be called the metric. The trace 8 can be recovered from g and the unit 
element e by 9(x) =g(x,e). 

We shall usually write (x,y) —> xy for the multiplication map fi(x,y). An important piece of 
information associated to a Frobenius algebras is the trilinear map 

c : 7 x 7 x V 4 C, given by c(x,y,z) — 9(xyz). (6) 

Definition 2.6. A C-Frobenius algebra A is semisimple if it has no nilpotents. 

An important result in the theory of semisimple Frobenius algebras over C is given by the 
following proposition, see IIHit971 Prop 2.2] for a proof. 

Proposition 2.7. If A is a semisimple commutative C-Frobenius algebra of dimension n, then there exists 
a basis e \,..., e n of A such that: 
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(V _ e .' i — i r __ r n 

(2) e,-e ; - = 0, i,j = l,...,n, i^j 

(3) dim c e { A = 1, i — 1,... ,n. 

The basis is unique up to permutations of the elements. 

2.3. Calabi-Yau and Cardy categories. Let R be a commutative ring. 

Definition 2.8. A Calabi-Yau category over R is a category If satisfying: 

(1) For any pair of objects a, b of & the space of homomorphisms 

E nb := Horn <#{a,b) 

is a finitely generated, projective R module. 

(2) The composition 

Eab X E bc y E, lc 

is an R-bilinear map. 

(3) For each a £ Obj ( l if) there exists a homomorphism of R-modules 


’■ E aa —> R, 

(7) 

that induces a left E fln -modules isomorphism 


F —v F* 
n aa ^ c «a/ 

(8) 

where E* a denotes the dual R-module. This condition implies that E aa 

is a Frobenius alge- 

bra over R. 


(4) The pairings 


E nb 8> E ba —y E aa -A R 

(9) 

E ba <8> E ab —> E bb —f R 

(10) 


induce isomorphisms E ab ~ E* ba . If cp £ E ab , and ip £ E ba , then 


0a(q>-y) =6 b (ip-cp) 


(11) 
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Remark 2.9. This definition is an extension of the usual definition of Calabi-Yau category HCos07l . 
The main change is that we replace C-vector spaces by finitely generated, projective R modules. 
This is essentially the same change from the definition of Frobenius algebra over a field to Frobe- 
nius algebras over a ring. 

Definition 2.10. Let A be a commutative Frobenius algebra over R. A Calabi-Yau category over A 
is a category If satisfying: 

(1) For each object a there exists a pair of R-linear morphisms 

i a : A —> E aa , and i a : E na —> A. (12) 


such that 

(a) i a is a homomorphism of R-algebras. 

(b) For r G A and ip G E ab it holds that 

i a (r)ip = ipi b (r). (13) 

(c) The morphisms i a and i a are adjoints in the sense that 

9{i a (ip)cp) = e a (xpi n {cp)), 


for all ip G E aa , <p G A. 


Since E ab and E ba are in duality, if E ab is a free R-module and ip v is a basis of E ab let ip v be the 
dual basis of E ba . Define 7rjj : E an —> E bb hy 


TT 


tw -Em/ 


(14) 


Proposition 2.11. IfE ab (and E ba ) are free R-modules, then the homomorphism is independent of the 
choice of basis ip v and ip v . 


Proof. Let (p a and <p“ be another pair of dual basis of £„/, and E ba . Then 

(pct = Yj ‘C'Pv and ^ 
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for certain matrices [a^\ and [b b ]. The conditions 5 f = cp a (p b and 5y — i p v ip fl imply that 

€ = <p = ^E ^E b W l 
= EE^?*/^ = EE fl # 

V ]l V ]l 

= 

v 

Hence the matrix [a^] is the inverse of the matrix [b b \. Therefore if ip £ E aa 

E<p«V’/ = E <K'pvn F 

= E^-'W^Ewf' 

V.ji v 

Q.E.D. 


We want to extend the definition of to finitely generated, projective R-modules. Let X = 
spec (R). Then the modules E n j, and Edefine locally free sheaves £„/, and £;,„ over X. Let Uj, i £ I 
be a covering of X such that E a j,(Uj) and £/,„(E/,) are (9x(EE;)-free modules. Then for each pair of 
indices i,j £ I also the modules £„/, (EE; El Ely) and E; Jfl (EE; Li Ely) are free CDx(Uj El Ely) modules. 

Hence we have homomorphisms 


7t§(Ui) : E aa (Ui) —> E bb {Ui), 
n a b (Uj ) : E aa (Uj) ->■ E hh (Uj), 
rfiUinUj) : E a a(Ui El ETy) —> E bb (Uj El EZy). 


By Proposition 2.11 the restriction of n b (Uj) and zrg (ETy) to EE; E Uj coincide with 7rjj(EE; El EEy). 
Hence there is a globally well defined homomorphism of sheaves 7T? : £„„ (X) —>■ £/,/,( X) which is 
the same as a module homomorphism 


TTfc : £«a 


~> E, 


bb‘ 


Definition 2.12. A Cardy category is a Calabi-Yau category over a R-Frobenius algebra A that 
satisfy the following condition, called the Cardy condition, 


Til = l b° l ■ 


( 15 ) 



10 


ANIBAL AMOREO AND JORGE A. DEVOTO 


for any pair of labels a, b. 


2.4. The maximal category of branes. In this section we will discuss some results of G. Moore and 
G. Segal 1 MS06I regarding the structure of the algebras E n /, corresponding to the open sector of an 
open and closed topological field theory. We will only consider the case for which the Frobenius 
algebra A of the closed sector is semisimple which is the hypothesis used by Moore and Segal. 

Let A be an associative, commutative, semisimple Frobenius algebra over C, and supppose 
dime -A — n. We then have a system of orthogonal idempotents e \,..., e„ which determine the 
simple components; i.e. A = ® ( Ce ; , and each summand Ce, is isomorphic to C. The prime ideals 
of A can be identified with the set X — {e\, ..., e n } ■ This set plays the role of space-time. The 
algebra A is the algebra of observables. The Frobenius structure on A induces a measure p on X 

by f( £ i) = 

Theorem 2.13 (I MSOft l, Theorem 2). For each object a G 2%, the algebra E an is semisimple. 

Remark 2.14. By the previous result the algebra E na can be regarded as a sum ®, M(a, i) of matrix 
algebras M{a,i) M,/ ^ (C). In other words, it is possible to find complex vector spaces V a j such 
that 

n 

E„„ = ® End(V fl/i ), (16) 

i =1 

where d im V (hl — d(a,i). Moreover, the matrix algebra M (a, i) — End ( V„ ; ,) corresponds under 
the isomorphism ([16]) with the subalgebra i„{ei)E aa . Elements of E aa will be denoted by a tuple 
cr = (c T i,..., <J n ), where ty G M{a,i). If e, G E aa denotes the tuple consisting of the identity matrix 
1 a j G M(a, i) in the z-th coordinate and all others equals to zero, then /, 7 (e ; ;) — c, or is equal to zero. 

We can give an explicit characterization for the morphisms 6 a , i a and zrj'. For a — (cq,..., <J n ) G 
E„ a , the equality 6 a (aT) — 9 a (Tcr) implies that 

9 n(o-) = ^A ; tr(cr ; ) 
i 


for some constants A, G C. 
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Fixing a square root A; = ^/0(e ; ) for each i, we arrive at the following expressions 

9a(<r) = E\M e ‘') tr (^)' 




i 

= E-7&W e i)/ 

i v@\ e i) 

where in the last equality, the trace tr is the one corresponding to E n 


A characterization like the one provided in theorem 2.13 holds for the spaces 

Lemma 2.15 (I MSOft l). If C is semisimple, then for each pair a, b G 38 we have an isomorphism 

n 

E ab - ® Horn c{Va,i,V bi i), 
i =1 

for some finite-dimensional complex vector spaces V ni/ Vj, 


(17) 


Note that the vector spaces in the right hand side of equation |(17|| are the ones appearing in the 


decompositions of E an and E/,/,; see remark 2.14 


2.5. Frobenius manifolds. In this section we shall briefly review the definition of a Frobenius 
Manifold in the sense of Manin ! Man99l Definition 1.1.1], We shall write M or (M, Om) for a man¬ 
ifold, where the word manifold means a Tf 00 , real analytic or complex analytic manifold, and O m 
denotes the (complexified) structure sheaf of M- we shall assume that Om is a sheaf of C algebras 
and that for every x £ M the reduced field k x is C. We shall write -'7 M for the complexified tan¬ 
gent sheaf and .7* M for the complexified cotangent sheaf. The sections of -7M acts as derivations 
on Om- If ( x \ • • •, x") is a system of coordinates, then the x l determine vector fields 3, such that 

m+n 

df=t\ dx ‘ d if- 

i=l 

The vector fields 3, locally generate -7M. The one forms dx l locally generate the cotangent sheaf. 


Definition 2.16. A manifold M with multiplication on the tangent sheaf is a triple {3TM, p,e), where 

p : £TM <g> 7TM ->• 3?M (18) 

is an associative CEyj-bilinear map of sheaves and e is a global vector field which is the unit for p. 
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If a manifold M has a multiplication on the tangent sheaf, then the deviation from a Poisson 
algebra structure on :7 M is given by the following expression 

P x {z,w) := [x,p{z,w)\ - }i([x,z\,w) - p(z, [x,w]). (19) 

Definition 2.17. A manifold M with multiplication on the tangent sheaf is an F-manifold, see for 
example 1 HM99I . if the multiplication p satisfies 

P y(x,y)( z ’ w ) = p(x,Py{z,w)) + p(y,P x (z,w)). (20) 

Definition 2.18. An affine flat structure on a manifold M is a subsheaf £fpM of the tangent sheaf 
3?M of linear spaces such that -T M = £fpM (g>jt Om and the tangent bracket of pairs of its sections 
vanish. The elements of are called flat vector fields. 

Definition 2.19. A metric g on a manifold M is compatible with an affine flat structure if g(x / y) is 
constant for flat vector fields x, y. 


The next condition defines the compatibility between the metric and the multiplication on the 
tangent sheaf. 


Definition 2.20. A metric on a manifold with multiplication on the tangent sheaf is invariant if 


g(p(x,y),z) = g(x,p(y, z)). 


( 21 ) 


Remark 2.21. An invariant metric determines a tensor c given by c(x,y,z) — g(p(x,y),z) and a 


morphism 9 m '■ dPM —> Om given by 9{x) — g(e, x) - see 2.5 


Definition 2.22. Let M be a manifold. A pre-Frobenius structure on M is a triple (JjM, g, c) formed 
by an affine flat structure .TjrM on M, a compatible metric g, and an even symmetric tensor 

c : S 3 (^M) -t 0 M - 

A manifold with a pre-Frobenius structure will be called a pre-Frobenius manifold. 


A pre-Frobenius manifold has a multiplication p on the tangent sheaf given by 


® 3TM 4 h STM. 
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The metric in this case is invariant under the multiplication. A local potential for -7 M is an even 
function such that for any flat local tangent fields x, y, z, 

c{x,y,z) = (xyz)<S> (22) 

A pre-Frobenius manifold is called potential if c admits everywhere a local potential. 

Definition 2.23. A Frobenins manifold is an associative, potential pre-Frobenius manifold. 

Definition 2.24. A Frobenius manifold is called semisimple, if there is everywhere a local isomor¬ 
phism of sheaves of algebras ~ O 1 ^. 


2.5.1. The spectral cover Sm■ Let M be an n-dimensional F-manifold in an analytic category. Let 
S,y[ be the relative affine spectrum of the (Tvr algebra .7 M. The space Sm is a manifold in the 
same class that M and it is endowed with two structure maps ft : Sm ~t Ad and s : -7 M —> 
7Z*(0 Su ). The morphism s is an isomorphism of sheaves. If M is a semisimple manifold, then ft 
is etale I Man99l section8.1]. When M is fixed we shall write S for Sm- 

If M is a Frobenius manifold, then there is a natural trace 0^ : Cf Om given by the compo¬ 
sition 

O s 7T*O s 71^J7M% Om, 


where 6m is the trace defined in Remark 2.21 With this structure the Frobenius algebras obtained 
from (7r* {Opf), 6pf) are isomorphic, via s, to the Frobenius algebras obtained from 6m)- 

The construction of the spectral cover is part of a more general framework, namely that of the 
analytic spectrum, introduced by C. Houzel I Hou61 l to study finite morphism of analytic spaces. 
Fie defines the analytic spectrum for algebras of finite presentation over an analytic space, which 
include finite algebras (those algebras which are coherent modules): let T be a finite presentation 
M-ed^ebrdL and f : N —$■ M a space over M (in particular, if £ is a vector bundle, then its sheaf of 
sections is coherent and thus of finite presentation). Define a contravariant functor Sr from spaces 
over M to the category of sets by 


S r (N,/) = Flom^_ alg (/*r,^ N ) 
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This functor is then representable, and we have a bijection between S E (N,f) and holomorphic 
maps N —> Specan T, where Specan T is the analytic spectrum. Even with these nice algebras, the 
space Specan T may have singularities. For detailed descriptions we refer the reader to lHou61| ; 
check also t Fis76l . The case in which we are interested deals with a bundle of algebras £ such that 
E x is semisimple for each x (see below). If M = N and / : M —> M, then the construction of the 
analytic spectrum provides a bijection between the subspace of the dual bundle ( f*E )* consisting 
of morphisms of algebras and maps M —> Specan T E . For / — id m, this is just expressing that 
every morphism of algebras cp : E —S- C is determined by a map M —> Specan T p (for each x this is 
just choosing the kernel of the restriction cp x : E x —> C). 

Proposition 2.25. For a bundle of algebras E over M there exists an isomorphism of < ff^-nlgebras 

n^ SE = T E , (23) 

Proof, consider the sequence of maps 

Fe —> P*^ E* —> n*0s E , 

X i —y X i—> X| s 

where p :£*—>■ M is the canonical projection (we are considering S E as a subspace of £*; then n 
is just the restriction of p to Sp), and X : p _1 (It) = £* | u —>■ C is the map given by 

X(x,cp) = <p(X(x)). 

The composite map 

Te > 7Z*0s e (24) 

is then easily seen to be an isomorphism of -algebras (recall that (x, cp) G S E if and only if cp is 
an algebra homomorphism). 

The inverse can be described easily: Given a map / : 7r _1 (lt) —> C, let Xj £ Y E (U) be the 
local section defined as follows: pick an x £ U an assume that U is semisimple (if it is not, we can 
choose a smaller open neighborhood around x); let { e, } be a local frame of idempotent sections 
for E\jj. Then 

X f( x ) = £/(x,<P;)e ; (x), 
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where <j?,■ : E x —> C is the algebra homomorphism which verifies cpfefx)) 7 ^ 0 (in fact, q>fei(x)) — 

1 as cpi( 1) = 1). The assignment / 1 —> Xj is then the inverse of l |24) . Q.E.D. 

Moreover, each summand y ©^ C is invariant under ths action of any multiplication oper¬ 
ator, and thus it is the space of generalized eigenvectors. 

It holds the following result, which is in fact Housel's definition of the spectral cover. 

Proposition 2.26. Let E —» M be a bundle of associative and commutative algebras. Then 

(1) The analytic spectrum Se represents the functor (which we denote with the same symbol) Sg (N, /) = 
Hom^ N _ n ig(f*E,C) from spaces over M to the category of sets (here C means the trivial line bun¬ 
dle N x O. 

(2) If E x is semisimple for each x, then n : Sg —» M zs a covering space. 


3. 2-Vector spaces and 2-vector bundles 


3.1. 2 - Vector Spaces. We will now give an overview of the categorical analogues of vector spaces 
and vector bundles. There are several definitions of 2-vector space in the literature due, among 
others, to Kapranov-Voevodsky 1IKV94I . Baez-Crans HBC04I and Elgueta | Elg06| . We will adopt 
the definition of 2-vector spaces of Kapranov and Voevodsky. The references for our treatment of 
monoidal categories are |‘ Mac7lllKel82l 


Definition 3.1. A rig category is a category R with two symmetric monoidal structures (R, ©, 0) and 
(R, ©, 1) together with distributivity natural isomorphisms X © (Y © Z) —> (X © Y) © (X © Z) 
and (X © Y) © Z —> (X © Z) © (Y © Z) verifying some coherence axioms which are detailed in 
l Lap72jlKel74l . 

An important example, which will be extensively used in what follows, is the category Vect of 
finite dimensional vector spaces over C. The operations are given by direct sum (with 0 = {0}, 
the trivial vector space) and tensor product (with 1 = C). 


Definition 3.2. Let R be a rig category. A left module category over R is a monoidal category 
(M, ffi, 0) together with an action (bifunctor) 


© : R x M 


M 
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and natural isomorphisms 

A<g> (B®X) —> (A® B)®X 
(A © B) ® X —» {A <g> X) ® (B <g> X) 

A <g> (X ® Y) —> {A ® X) © (A ® Y) 
r x — T : 1 ® X —> X p A = p : A® 0 —> 0 A x = A : 0 ® X —» 0 

for any given objects A, B £ R and X,Y £ M, which are required to satisfy coherence conditions 
analogous to the ones for a rig category Right module categories are defined analogously 

An R-module functor between R-modules M and N is a functor F : M —> N such that 

F(X © Y) “ F(X) © F(Y) 

F(A©X) ^ A ®F(X). 

The isomorphisms should be natural in X and Y in the first case and natural in A and X in the 
second case. 

Given n £ N, consider now the product category Vect"; its objects and morphisms are n-tuples 
of vector spaces and linear transformations respectively The Vect module structure is provided 
by the operations 

. W„) = (Vi®Wi / ...,V r B ©W„), 

V®{V t . v n) = (V®V lr ...,V®V n ). 

Any object (V\,..., V „) can be decomposed, just like vectors in euclidean «-space, in the following 
way 

{V 1 ,...,V n ) = (V\ ® Cr) ® • • • © (V n ® C n ), 

where C, is the tuple whose i-th entry is equal to C and all others equal to the trivial vector space. 
Using this decomposition any Vect-module functor can be determined on objects by its values in 
each C„ 

F(V i. V n ) = (V 1 ®F{C 1 ))®---®(V„®F{C n )). (25) 

We can define some extra structure in the category of R-modules by introducing morphisms 
between morphisms or 2-arrows. Given two R-modules M and N and module functors F, G : 
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M —S- N, we define a 2-morphism 8 : F —S- G as a natural transformation. This provides the 
category of R-modules with a structure of 2-category. 


Definition 3.3. A Vect-module category V is called a 2-vector space if it is Vect-module equivalent 
to the product Vect" for some natural number n. In other words, V is a 2-vector space if and only if 
there exists a natural number n and a Vect-module functor V —> Vect" which is also an equivalence 
of categories. 

The proof of the following theorem can be found in [ KV94 I. 


Theorem 3.4. If F : Vect 11 —> Vect 1 " is an equivalence, then n — m. 


By the previous result, the number n in definition 3.3 is well defined and it is called the rank of 
the 2-vector space V. The 2-vector space Vect" plays, in this categorical setting, the same role that 
the space C" plays in linear algebra. We will denote by 2Vect the (2-)category of 2-vector spaces 
of finite rank. Morphisms between 2-vector spaces can be characterised in a similar way as linear 
maps between vector spaces. To see this, consider first an m x n matrix 


A = 


V n 


V ln 


' ' ' Vmn J 

where the entries Vq are C vector spaces of finite dimension. If V (Vi,..., V n ) E Vect", then the 
product 

AV - Vy <g> Vj ,..., £ V m j ® v^j 

is a well defined object of the category Vect'"; given now a map / := (f\,... ,/„) : V —> W, where 
W (Wi,..., W„), there exists an induced map Af : AV —> AW given by 

Af - ^ id y (8 )f jr id m; , 

where id,. : Vn —> Vn is the identity map. Moreover, the correspondence 


V HA AV 


f^Af 
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is a Vect-module functor Vect” —> Vect m . Composition of such morphisms is given by usual 
multiplication of matrices, and two matrices A = ( Vjj ) and B = ( Wjj ) of the same size are naturally 
isomorphic if and only if Vjj is isomorphic to Wjj for each i,j. 

Note that equation ( [25) readily implies that a morphism F : Vect” —> Vect"' is naturally isomor¬ 
phic to the m x n matrix with columns given by F(C]),... ,F(€„). For a morphism F : V —» W 
between 2-vector spaces, if u : V —> Vect” and v : W —> Vect’" are equivalences with inverses u 
and v respectively, then vFu is naturally isomorphic to a matrix A, and hence F can be represented 
as vAu for some matrix A. 

Let now A — (Vjj) be an n x n matrix which is an equivalence Vect” —> Vect”, and let B — (Wjj) 
represent the inverse, up to equivalence. As the identity morphism of Vect” can be represented 
by the "scalar" matrix C Id, we have natural isomorphisms AB = C Id = BA. Taking dimensions 
coordinatewise we can form the dimension matrices d(A) (dim Vjj) and d(B) — (dim Wjj). 
Then, as the dimension matrices has natural entries, necessarily dettf(A) = ±1. But not every 
matrix satisfying this property is in fact an equivalence, and this is the main problem behind the 
short supply of equivalences Vect” —> Vect”. For example, take n — 2 and consider the morphisms 
given by the matrices 



Then d(A^) — (. h and detri(A/ c ) = 1. But, no matter which k G N we choose, there is no 


inverse for A/ c , and hence it is not an equivalence of 2-vector spaces. The example below explicitly 
shows the scarcity of equivalences for n — 2. 


Example 3.5. Let A — (Vjj) be an autoequivalence of Vect 2 and B — (Wjj) and inverse. Let fly- 


dim Vjj, bjj dim Wy and then d(A) — (fly) and d(B) — (bjj). From the natural isomorphisms 
AB = C Id = BA we deduce that the following equations must hold 


a iiby + aabzj — Sjj, 


(26) 


for i,j — 1,2. In particular, the matrix d (B ) is the inverse of the matrix d(A); hence 


d(B) = e 
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where e = ±1 is the determinant of d(A). If e — 1, then necessarily ci\ 2 = a 21 — 0; this fact together 
with equation |26) yields 

ciijba — 1 


for i — 1,2, and then a\\ — a ^2 — 1. For e — — 1 we obtain an — 0 for i — 1,2 and a \2 — «2i — 1- 
Thus, the only equivalences Vect 2 —> Vect 2 (up to isomorphism) have the form 




3.1.1. 2-Vector Bundles. The notion of 2-vector bundle (of rank 1) was introduced by Brylinski in 
1 Bry98| as a way of describing some cohomology classes associated to symplectic manifolds in 
terms of 2-vector spaces (as an alternative to gerbes). His definition resembles the definition of 
the sheaf of sections of a vector bundle. Another notion of 2-vector bundle was proposed by 
Baas, Dundas and Rognes (BDR) in HBDR04bfl . Their definition resembles the cocycles for a vector 
bundles. 

We shall give here another definition of 2-vector bundles which is a generalisation to higher 
ranks of Brylinski's definition. We shall define some geometric 2-vector bundles naturally associ¬ 
ated to a Frobenius manifold. In section[6]we shall show that the 2-vector bundles constructed in 
this way are 2-vector bundles in the sense of Baas, Dundas and Rognes. 

If R —»■ B M are fibred categories or stacks over B, then an action of R on M is a morphism 
of fibred categories R Xj M —> M. If M, has some extra structure we shall ask the action to 
preserve such structure. For instance, if the category M is additive, then we should have a natural 
distributivity isomorphism A ■ (X © Y) = A ■ X® A - Y, plus other properties involving 1 and 0. 

We shall write [Vect, M] for the fibred category that associated to each open set It C M the 


category of vector bundles over If. The definition of 2-vector bundle given by Brylinski in [Bry98 [ 
reads as follows. 


Definition 3.6. Let M be a manifold and let Op(M) denote the category of open sets of M. A fibred 
category M —> Op(M) is said to be a 2-vector bundle of rank 1 over M if the following conditions 
hold: 

(1) For each open subset If C M, the fibre M(Lt) is an additive category. 
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(2) There exists an action (E, X) ha £ • X of the (fibred) category [Vect, M] on M. 

(3) Given any x £ M, there exists an open neighbourhood It of x and an object Xu £ M(lt) 
(called a local generator) such that the functor Vect (It) -A M(Lt) given by £ ha £ • Xu is an 
equivalence of categories, where • denotes the action. 

(4) M -A Op(M) is a stack. 

We now extend the definition to higher ranks. For some technical reasons instead of the (fibred) 
category of vector bundles, we shall consider the (fibred) category of locally-free sheaves over M. 
We shall write L F for the (fibred) category of locally free 0M -modules on M. 

Definition 3.7. A fibred category M -A Op(M) is said to be a 2-vector bundle of rank n over M if and 
only if the following conditions hold: 

(1) For each open subset U C M, the fibre M(lf) is an additive category. 

(2) There exists an action (./#, X) ha • X of LF^ on M. 

(3) Given any x € M, there exists an open neighbourhood U 3 x and objects X\,... X n in 
M(Lt) (called local generators) such that the functor LF^ -A M(lf) given by 

(a^j, ■ ■ ■, 1 —t ■ Xi ® • • • ® • X n 

is an equivalence of categories. 

(4) M -A Op(M) is a stack. 

Remark 3.8. Note that the local equivalence of the previous definition preserves both the action 
and the additive structure; that is, if <t> is such an equivalence, Jz? £ LF^ (J and . ■//, jV £ LF".^, then 

O ((if <g> Jt) ® Ah) ^ (^f 0 <I>(aC)) ® O(aF). 

Example 3.9. Let M = {x} be a one-point space. A 2-vector bundle of rank n over M is then an 
additive category M equivalent to the category LF”,. As O (M) = C, then M is equivalent to the 
n-fold product of the category of C-modules; that is, it is a 2-vector space (of rank n). 


The following result shall be useful later. 
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Proposition 3.10. Let <t>: LP^ —> LFg, be a functor zvhich preserves the action and the additive struc¬ 
ture. Then there exists an m x n matrix A of ff^-modules such that <1> is naturally isomorphic 

to multiplication by A. 

The proof is completely analogous to the one for 2-vector spaces. Moreover, this kind of mor- 
phisms share with 2 -vector spaces the same shortage of equivalences. 

We shall now introduce Baas-Dundas-Rognes (BDR) 2-vector bundles - see | BDR04b l for more 
details. 

Definition 3.11. Let A be a poset and let il — {14 } a eA be an ordered open cover of a topological 
space M by open subsets. A Bass-Dundas-Rognes 2-vector bundle (BDR 2-vector bundle for short) is a 
law that assigns to each pair a, f £ A a matrix E a P := (E^. ) of (constant rank) vector bundles over 
U a (~l Up — U a p (for each a < f) subject to the following conditions: 

(1) det(rkE^) =±1. 

(2) For <x < f < 7 in A and U a p 7 7 ^ 0, we have isomorphisms 

i 

As for morphisms of 2-vector spaces, this condition can also be expressed in matrix form 

(3) For a. < f> < 7 < 8 with ippys f 0, the following diagram of bundles over U a p 7 $ should 
commute 


E K P 0 (E ^ 0 £^) 


^ (E K P 0 E&) 0 ET* 


E a P 0 EP 5 ->■ E kS ^ - E ftT 0 E 7<5 , 


where the top arrow is the associativity isomorphism derived from the associativity of the 
tensor product of vector bundles and the other arrows are defined from the isomorphisms 
of the previous item. 
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3.2. Azumaya algebras and twisted vector bundles. In this section we will introduce some basic 
material regarding Azumaya algebras, as well as an introduction to twisted vector bundles. The 
former are strongly related to the latter, and this relationship will also appear later in section [ 6 ] 
The treatment of twisted bundles is mainly based on [ KarlO l. 

3.2.1. Azumaya Algebras. If F is a field (which we assume to have characteristic equal to zero), a 
central simple algebra over F is a simple (associative) algebra with center equal to F. Replacing 
F with a commutative local ring R leads to the notion of Azumaya algebra ; that is, an associative 
R-algebra A is an Azumaya algebra if and only if there exists some k £ IN such that A = R l: 
as R-modules and also the algebra homomorphism cp : A 0 n A° —» End//M) 0 Mj-(A) given 
by cp(x 0 y)(z) — xyz is an isomorphism, where A° is the algebra with underlying set A and 
operation given by x ■ y = yx (the right hand side is multiplication in A). Auslander and Goldman 
I AG60II generalized this definition to include any commutative (not necessarily local) base ring. 

Definition 3.12. An Azumaya algebra over (M, & M ) is a coherent sheaf of (?M -algebras locally iso¬ 
morphic to the sheaf Mj-(i^m)- 

Remark 3.13. By Proposition 2.1 (b) of l iMil801 . see also section 1 of HGro68l , an Azumaya algebra 
over (M, &y\) is a locally free sheaf of algebras such that the fibres are 

If £ —» M is a vector bundle, the sheaf of sections of End(E) is an Azumaya algebra. Not every 
Azumaya algebra has this form. However the situation is different if one considers twisted vector 
bundles. 

3.2.2. Tivisted vector bundles. Twisted vector bundles can be thought of as a model for twisted K- 
theory [ AS051 , just as vector bundles are models of topological K-theory. 

Definition 3.14. A tivisted vector bundle E over M is a tuple 

E = (it, It/ x V,gij, \ ijk ) 

consisting of the following data: 


(1) An open cover it = {It/} of M. 
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(2) A (trivial) vector bundle Uj x V over each U, £ it, where V is a finite dimensional complex 
vector space (which shall usually be taken to be complex n -space). 

(3) Two families of maps gy : Ujj —> GL(V) and A,^ £ &(Ujjf) such that A (A jjf) is a Cech 

2-cocycle, each map Ay* takes values in C x and 

gii — 1 / gji — gjj / gijgjk — hijkgik 

Over Ujj),. 

Two twisted bundles E = (it. It, x V, gjj, and F = (03, V r x V,f rs ,}i rs t) will be regarded as 

equal if the cocycles of E and F are equal over members of the refinement it D 03. 

Twisted vector bundles admit the same operations as ordinary bundles. 


Definition 3.15. Let E = (it. It,- x V,gij, A,^) and F = (it, Uj x W, fp, y^) be twisted vector bun¬ 
dles over M. A morphism (p : E —> F is a family of bundle morphisms 

cpi :UjXV —> Uj xW 


such that the following square 


<Pj 

Ujj x V -> Ujj x W 


lx 8ij 

Ujj x V 


lx fij 

>- Ujj x W 

4>i ' 


(27) 


commutes. 


Lemma 3.16. Tivo tzvisted bundles E = (it, Uj x V,gjj, A,^) and F = (it, Uj x W, fy, pyr). are isomor¬ 
phic if and only if there exists a family of maps {»,• : U, — > Iso(V, W)} such that 

fij - UjgjjUj 1 . 

Further properties are given in the following 

Lemma 3.17. Let E and F be tzvisted bundles. Then 

(1) E (g> F = E if and only if F is an ordinary line bundle. 
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(2) The dual bundle E* has twisting A -1 . 

(3) IfE has twisting A and F has tzvisting A -1 , then E ® F is an ordinary vector bundle. In particular, 
E* <g> F is also a vector bundle if E and F have the same tzvisting. 

(4) If IE is defined over the trivial open cover 11 = {M}, then E is a trivial vector bundle, and con¬ 
versely. 

Of particular interest is the twisted vector bundle Hom(E, F), which is defined by 

Hom(E,F) = (it,li; x Horn c{V,W),h i j,\^y i j k ) / 

where h^ : Up —t GL(Hom c (V, W)) is given by hp(x)(u) — fij{x)ugp(x)~ 1 . If F is also a A- 
twisted bundle (i.e. p — A), then the data defining Hom(E, F) in fact defines an ordinary vector 
bundle (there is no twisting!), which is denoted by HOM(E,F). If E = F, then HOM(E, F) will 
be denoted END(E). 

Lemma 3.18 (I KarlOl . Proposition 3.1). The vector space Hom 7 -yg i(M )(E,F) can be canonically iden¬ 
tified zvith the space of sections of the bundle HOM(E, F). 

Theorem 3.19 If KarlOl . Theorem 3.2). Assume A is an Azumaya algebra over M. Then, there exists a 
tzvisted bundle E such that 

A ^ END(E). 

3.2.3. The Tzvisted Picard Group. For the following discussion it will be useful to recall the definition 
of the Picard group of a manifold M; consider the set of isomorphism classes of (ordinary) line 
bundles over M. If L, K are line bundles, then [L] ■ [K] [L 0 K\ provides the set of isomorphism 
classes of line bundles with a structure of abelian group. This group is called the Picard group of M 
and is denoted by Pic(M). 

Analogously, twisted line bundles also enjoy some remarkable properties, like line bundles do. 
Given a twisted bundle E, we shall denote by [E] its isomorphism class. Let us restrict ourselves to 
considering isomorphism classes of twisted line bundles over a manifold M. We define a product 
in the following way: 

[L] ■ [K] := [L <g> K], (28) 


extending the one for line bundles. 
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Theorem 3.20. The set of isomorphism classes oftzvisted line bundles together with the operation 1 28 1 is 
an abelian group which contains Pic(M) as a subgroup. 


Proof. Associativity and commutativity of the operation follow from the ones of the tensor prod¬ 
uct, as stated in |3.17| 

Let L be a twisted line bundle; if e 1 denotes the trivial line bundle over M, then IL 0 e 1 = L; to 
see this, consider the family of maps 

(pi : Ui x (C <g> C) —> Ui x C 

given by (pj(x,z Cgi w) — ( x,zzv ). These maps define a morphism of twisted bundles 

cp : L (S> e 1 —> IL, 

with inverse given by the family cpj(x,z) = (x, z ® 1). Hence, [e 1 ] = 1, the unit of the group. 

Let now [IL] be an arbitrary class. Then, IL 0 IL* is an ordinary line bundle; denoting this bundle 
by L, we have that 

[E] -1 = [L* <g>L*]. 

The inclusion of Pic(M) as a subgroup is clear from the previous discussion. Q.E.D. 

The group introduced in the previous theorem will be called the twisted Picard group of M and 
denoted by TPic(M). 

Assume now that TVB(M) and Vect(M) are sets consisting of twisted bundles (with arbitrary 
twisting) over M and vector bundles over M, respectively, and consider the equivalence relations 
IE ~ E (g) L and E ~ E <8> L, where L is a twisted line bundle and L is a line bundle. In the following 
result, [E] will denote the class of E according to the relation E ~ L (g> E; the same notation will 
be used for ordinary vector bundles. 


Theorem 3.21. There exists a non-canonical biyection 

Y : TVB(M)/e~l®e Vect(M)/ E ~i® E . 


Proof. For each twisting A, let us fix a twisted line bundle L,\ with that twisting. Now consider the 
map 

Y[E] - [E (g> E a _i], 
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where E has twisting A. 

We check that this correspondence is well-defined: first note that the twisting of E 0 E a -i is 
AA 1 = 1 , and hence it is an ordinary line bundle. Now suppose that [E] = [F], where E has 
twisting A and F twisting fi; this implies the existence of a twisted line bundle E such that F = 
E 0 E. In particular, if E has twisting cocycle equal to e, then u — t'A. We now have to check that 
[E 0 L a _i] = [F 0 E J( -i]; in other words, we should find a line bundle L such that E 0 E A i = 
L®E® L.,-1 0 L. Take now 

L:=L,,0L*0L a -i; 

then L is an ordinary line bundle, as the twisting of the product of the right hand side is precisely 
}ie~ l A -1 = eAe -1 A -1 = 1 . We then have 

E 0 E 0 L i 0 L = L 0 E 0 L i 0 E /t 0 E* 0 L a _i = E 0 E a _i, 

as desired. 

Assume now that E and F are twisted bundles with twistings A and }i respectively such that 
there exists a line bundle Lq with F 0 E -i = Lq 0 E 0 L a -i . Multiplying by E ; , at both sides, we 
obtain 

F0Lj = L o 0E0 E a -i 0 E /( , 

where I4 = 1 L„ 0 L (( 1. Multiplying now by the dual line bundle L\ yields 

F = E0 L a -i 0L p 0L o 0 L\. 

As E a -i 0 Ej, 0 Lo 0 LJ is a twisted line bundle (with twisting jrA -1 ), then [F] = [E] and hence Y 
is injective. 

Let now E be an arbitrary bundle. Then E 0 E A is a A-twisted vector bundle and then 

Y[E 0 E a ] = [E 0 E a 0 E a -i] = [£]. 


Q.E.D. 
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4. Cardy fibrations 

We shall now define an extension of the notion of Calabi-Yau category. 

Definition 4.1. Let R be a commutative ring with unit. An R -linear category 'i? is a Calabi-Yau 
category if for each pair of objects a,b in c €, the set of arrows ¥\om^(a, b) is a finitely generated 
projective R-module and for each element a in ^ there exists a linear form 

6 a : Hom<*f(fl,fl) —> R 

such that 

(1) the induced pairing 

Q 

Hom^(«, b) <8 >r Hom<g(b,a) —> Hom^(a,fl) R ( 29 ) 

is a perfect pairing 

(2) given arbitrary arrows cr : a — > b and T : b — >■ a, the equality 0 a (Ta) — d},(crr) holds. 

Definition 4.2. Let M be a semisimple manifold with multiplication M a CY-category 38 over M 
is a fibred category over the category of open sets of M such that for each open set It C M the 
category 38 (It) is an 3(U)-CY category. 

Let us fix a semisimple manifold with multiplication M, with structure sheaf 6 — and let 
38 be an ^-linear CY category over M. For objects a, b G 38{U), let us denote by r„(, the presheaf 
Hom jjffl, b) over U given by 

Vi—> Hom^(y)(fl|v,l7|y). (30) 

By definition of CY category, we have that Y aa is a Frobenius ^-algebra for each a £ 38 (U). 

Notation 4.3. Recall that if the base manifold is clear, we shall supress the subscript of the structure 
sheaf when taking local sections; e.g. instead of using the notation ^^( 11 ) for U C M, we will only 
write ^(Lt); and the restriction C,\,f |u shall be denoted . The same considerations are applied 
to the tangent sheaf 38 M of a manifold M. 


We now turn to the relevant definitions. 
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Definition 4.4. A Calabi-Yan (CY) fibmtion over a semisimple manifold M is a pair (38, ii) (the open 
cover shall be omitted form the notation), where 38 is a CY category over M and it = { U a } is an 
open cover of M, subject to the following conditions: 

(1) Each U a € it is semisimple. 

(2) 38 is a stackj^] 

(3) Given any U a £ it and objects a, b G 38(U K ), the sheaf T a (, is a locally-free locally finitely 
generated -module. Objects of 38(11) are called labels, boundary conditions or D-branes 
over U. 

(4) For each U a £ it and each object a £ 38(U K ), we have transition (sheaf) homomorphisms 

C ■ t T na , l : r n „ i 

The previous data is subject to the following conditions: 

(a) i a is a morphism of -algebras (preserves multiplication and unit) and i a is an 
linear map. In particular, i n provides T na with a .5)^-algebra structure. 

(b) L a is central: given X £ & ( V ) and cr £ T a j,(V), we have 

<ri„(X) = i b (X)<r (31) 

in T^V), for each!/ C U a . 

(c) There is an adjoint relation between i a and /." given by 

e(i a (cr)X) = 6 a (cn a (X)) r (32) 

for each X £ 38 Ua and a £ T aa . 

Remark 4.5. For some technical considerations, we will assume that our CY fibrations 38 verify 
that for each open subset U C M, the skeleton sk.'^(l/) of the category 38 (U) is a set. 

4.1. Cardy Fibrations. For LT a £ it open and a,b £ 38(U K ), if T„^ restricted to U is trivial pick a 
local basis {cr,-} of T,,/, and let {a 1 } be a basis of T* ft dual to { a ,}. Define the map zrjj : Y aa —> Tj,/, by 

K (<r) = 

i 

hn particular, the presheaf j30) is a sheaf. 
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Some comments are in place: the sequence of maps 

rb«®r a b—(33) 

induces a duality isomorphism Yf, a P r () . The dual basis in the definition of 7t? is in fact the 
preimage of the dual basis of {a ,} under this isomorphism. Another key observation is stated in 
the following 


Proposition 4.6. The map n? does not depend on the chosen (local) basis. 


Proof. As T aa , Ti,i, and T j m are locally-free, we can pick an open cover it ft of U a such that T aa \y = 
& Uci , r t, a \v — 0 nba , etc. for each V E il a . Pick then a basis B — {e\,. ..,e nba } for P/, a |y|^] Let 
B' — {e 1 ,... ,e nba j be the corresponding dual basis for Tt . Then, in terms of this basis we have 
7 i® (cr) = Ya ej(re l . Let D — {f\,... ,f „ ba } be another basis over V with dual basis D'. We then have 


fi = E A y e ; and f =YjV‘’ ei - 

i i 

Replacing these linear combinations in the equality S b j = f l {fj ) we obtain 


s h = E^ A ;*- 

k 

If A (A jj) and B then the previous equality implies that AB t — I or, equivalently, 

A 1 B — I, which in terms of the coefficients is expressed by 5{j — Yjk ^kih^■ We now compute 

LM l = E (E Ai ; e ;) ^ (E p lk ^ = EfE^/)^ 

i i j k j,k i 

= Yl 6 jk e j crek = Tj e i aei ' 

/ 


as desired. 


Q.E.D. 


^By a basis we mean a system of linearly independent generators e\,.. ■ ,e„ ba 6 Th a (V) such that (ei|w/ • • ■ ,£n ba |w} is 
also linearly independent and generates rfc a (W) for each W C V. For instance, let m, • • • , u„ b 6 0(V) be units; then, if 
e; = (0,..., 0,1,0,..., 0), the sections Hiei,..., u nab e„ ba form a basis. 
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Then, when defining 7tf locally on each V , we have that, by the previous computation, these ex¬ 
pressions coincide over non-empty overlaps, and thus can be glued together to obtain a morphism 
over U a G it 


'■ r,jfl > T bb . 

This final layer of structure is included in the following 

Definition 4.7. A Calabi-Yau fibration 88 is called a Cardy fibrntion if and only if the following 
condition, called the Cardy condition, holds for each open subset U a G it: For a,b G 88 (U a ), 


TT a — , I 11 

71^ i b L . 


In other words, the following triangle 





should commute. 


We shall deal with Cardy fibrations all along. 


Definition 4.8. A Cardy fibration 8% is said to be trivializable if conditions (3), (4)a-c in definition 
4.4 and the Cardy condition hold also for any open subset of each U a G it. 


5. Algebraic Properties of Maximal Cardy Fibrations 

This section will be devoted to describing in detail the stack of boundary conditions 88. We will 
first deal with morphisms and later with the whole category. 
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5.1. Local characterization of categories of branes. The main idea now is to pick a point x G M 
and prove that all the fibres over x of the sheaves involved in this discussions define a brane 
category in the sense of Moore and Segal. This approach will let us generalize all the results 
of I MS06 I to Cardy fibrations. 

Let us fix a point x G M, and assume that x G U IX , where U lX is semisimple. Given arbitrary 
labels a, b G 38(U a ), let us denote by £„/, the fibre over x for the sheaf T ab . We need to show that 
the vector spaces T X M and E ab , together with the appropriate morphisms, form a CY category in 
the sense of Moore and Segal. 

Let us denote by p ab (or just p if the labels are clear) the sequence of proyections 

In) > E abx > E ab , (34) 

where T abx is the stalk over x of the sheaf T ab . Let 1 „ be the unit in r aa (U a ); let us identify a label 
a G 38 ( U IX ) with 1„, and denote p fl «(l«) by a. We now define the category of boundary conditions 
38 x ) its objects are given by 

Obj 38 x — {a — p«(j(l«) | ci C ^(ITd)}. 

If a, b G 38 x , consider the corresponding units l fl G T an (U a ) and 1;, G T j,;, (L/ a ). Then we define 

Hom ^(fl,F) = E ab . 

With this definition, Hom^ (a, b) is a C-vector space, with dimension equal to the rank of T ab . We 
shall denote this vector space by 

We also have the linear forms 9 : —? (/ and 9 a : T na —> & which induce linear maps on the 

fibres 

6 X : T X M —> C 
9a ■ Oaa -> C 

which provide T X M and O aa with a Frobenius C-algebra structure. 

In the same fashion, the transition morphisms i a and f induce maps 

T X M A- Oaa A T X M. 

Lemma 5.1. Let xq,xi G U k . IfU a is connected, then the categories 3! Xo and 38 Xx are isomorphic. 
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Proof. Let us consider two labels a,b E .5#(l/® ); to distinguish between the two fibres, let 
be the fibre over x of the locally free module Mf, ; likewise, let us denote by p° aa (for xf) or p\ a (for 
X\) the projection l |34| . By connectivity assumptions, the ranks of T aa and L,,/, are constant and we 
can therefore fix isomorphisms 

faa ■ fxo(r nfl ) = fij(r aa) and c p ab : F Xo {T ab ) = F Xl {T ab ) 

such that the diagrams 


f X q { r„ a ) f X q ( r ab ) 



F Xl (r aa ) F Xl (T ab ) 

commute, where the unlabelled arrows are canonical projections. In particular, this commutativity 
implies that, for example, p° aa (l a ) E F Xo (Y aa ) is mapped onto p] a (l a ). 

We now define a functor F : 88 Xg —> 88 Xl ) on objects, if So Paai 1«), then 

f (So) = <^« fl («o)- 

Let now i : So —t bo be an arrow in 88 Xg . That is, cr is an element of F Xg (T a h). Then we define 

fO) = <Pab((r)- 

The inverse of this functor is constructed in the same way, by considering and <pf b - Q.E.D. 


Theorem 5.2. The category 88 x , together with the Frobenius algebra T X M and the structure maps Q x , 6 
la and i a (a E 88 x ) defines a brane category in the sense of Moore and Segal 


From theorem |5.2| we can deduce the following 

Theorem 5.3. Let a E 88(U K ) with U a connected. Then, the sheaf T aa is locally isomorphic to a sum 
0/ (&u) of matrix algebras 
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Proof. Fix Xq G U a and let {<?j,..., e n } be a frame of orthogonal, idempotent sections in 3? ( U a ). 
Then, for the category 33 Xo , we have Moore and Segal's Theorem 2 (2.13' at our disposal. We have 
that O m = ©,■ ia(ei(x 0 ))O M ; by |2.13| 


n 

Om = Hom^ (a, 5) = ® M d{x0/Sfi ) (C); (35) 

i—1 

moreover, the matrix algebra (C) corresponds to the summand laie, (xo))0«a- On the other 

hand, we have that, locally around Xq, the sheaf T na is isomorphic to 3/"j' for some integer n a . We 
should link this isomorphism with the pointwise decomposition given in equation f35| ). 

It is sufficient to work with only one idempotent; we thus consider the algebra tafi)Y aa , which 
is a locally free module, being the image of the idempotent map L, : Y aa —> Y aa given by L/ (a) — 
i a (ei)cr. Assume that x 0 G V, where V is a neighborhood such that i a (e,)T flfl |y = The fibre 

over Xo of / a (e ; )T fl „ is precisely / a (e ; (xo))Onn/ which is isomorphic to If X\ G V is 

another point, then z a (e;(xi))Oflo is isomorphic to (<C). But the local triviality of L a (ei)T aa 

implies that 


d{x\,a,i) = n a [i) = d(x 0/ n,i). 


Hence, by remark 3.13 the decomposition < |35) extends to a neighborhood of xq, as we wanted to 
prove. Q.E.D. 


Remark 5.4. From the previous result we can also deduce that the matrix algebra M dla ^ (/7y ) 
corresponds (locally) to the subalgebra i a (efT aa . 


For a, b G ^ (U lX ), and again by the CY structure of 'XS X , we have an isomorphism 

0- b - Horn Wx (d,b) ^ 0Hom c ( ' C d ^,C dm ) , 
i—1 

and thus the following result, which is proved following the same procedure of the previous the¬ 
orem (note that in this case we have the idempotent morphism L, : T ab —> Y ab , Lfa) — iifefa 
which, by the centrality condition |3TJ, coincides with the morphism Y ab —? Y nb given by cr ha 

cri„(ei)). 


Theorem 5.5. In the situation of theorem 5.3 for a,b G 33 (U K ) we have a local isomorphism between Y nb 

(< 


and ®" =1 Hom^ 


ad(a,i) 

7 U 


ad(b,i) 

7 U 
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Remark 5.6. Observe that the dimensions d(a, i) in theorem 5.5 are the same as the ones in 5.3 this 
is deduced form the proof of Moore and Segal's theorem 2 in HMS06I . And also in this case, the 
summand Hom^ v corresponds to the submodule ib( e i)^ab\v — ^ ab\v L ai e i) ■ 


2.4 


we can derive 


From these last results, and following the same procedures done in section 
local expressions for the morphisms 6 a , /" and 7 t?. Let a, b E 83 ( U a ) and let x G U K . Assume that 
It 9 x is a neighborhood such that T aa \u is isomorphic to a sum (in that case an 


element a E T aa \u can be represented as a tuple (<7;), where <7; E M-d(a,i) (^u))- if ( e i> ■ ■ ■ > e n} is a 
frame of orthogonal, idempotent sections for over U K , then we have the following expressions 
for 9 a , i a and 7 T? over Lf: 

e a{cr) =Yj\] e ( e i) tr(cr f ). 


/ 

= E^S^b( e i)- 
i V®( e i) 


(36) 


5.2. Enlarging the categories of branes. Let ^ be a Cardy fibration over a manifold M. 


5.2.1. Additive structure. We shall show that 83 can be embedded in a canonical way into a fibra¬ 
tion of additive Cardy categories. Let Lf C M be any open subset and a, b, c G 83 (U); based on 
properties of modules, we shall define a new label a © b; we put 

T(a(Bb)c •— ® I" bc> 

f 'ca © i c b- 

A morphism a © b —»■ c shall be represented as a row matrix (<r r) , where cr : a —> c, T : b —S- c. 
Likewise, an arrow c —»■ a © b is a column matrix (£), for I : c —>■ fl, r : c —>• L. Thus, a map 
fll © «2 —t Lj © &2 can be represented as a matrix (where (iq : a, —>■ L ; . Composition 
of maps is then given by multiplying matrices. As a consequence, we obtain thus a structure of 
additive category for each 83(U). For a new object a © b we define 6 a& }, : F ( a ®b)(a®b) &u by 

9a<Bb(%%)=ea(<rn) + 0b(°to)- ( 37 ) 

Regarding nondegeneracy of the linear forms we have the following 
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Proposition 5.7. The diagram 

r (a®b)c ® ^c(fl©6) 
Y 

^c(fl©6) ® -^(fl©b)c 




(a®b)(a®b) ^ V U 


is commutative, and the top and botton composite bilinear maps are non-degenerate parings (the vertical 
arroiv on the left is the tzvisting map). 


We now define the transition morphisms i( aBb) : r (fl0fe)(aefe) and : T (fl06)(a06) -A 

by the equations 


* (a ©6)(X) = ('“ ( 0 X) 


° ") 

's(x);' 


(38) 


+ aS>b) (%l%)=i- a M+i b (cr 22 ). 

In particular, note that both i a ®b and i a ® b are -linear, and is an algebra homomorphism 
which preserves the unit. 

The following result shall be useful to prove the Cardy condition. 


Lemma 5.8. For the maps and 7 the following equalities hold 


TC 


a(Bb 

c 


K + n 


b 

c 


71 


a _ 

b®c 



Theorem 5.9. Given a,b € 3§{U X ), the maps /( fl0 &) and i\ a ® b ) verify the centrality, adjoint and 
Cardy conditions. 


Proof. For the centrality condition, take cr : a © b —> c, which can be represented by a matrix 

(cii 021 ). Then 

= { cr U l a(X) 02lIj,(X) ) . 

The equality 07„®j,(X) — i c (X)cr now follows from the centrality condition for the morphisms i a , k 
and Zjj, Lq. 
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We now verify the adjoint relation K®b(x)) = 0 (>®V)x) ; so let a : a © b —>■ a © b be 
given by (<r ; y) f . Then the adjoint relation between i a , i a and the one between Lj,f let us write 

i crL a®b{ X )) = ®a®b (cri2i”(X) cr^j(X) ) 

— (c r U/«(X)) + (<722*6(X)) 

= 0(* a ((r 11 )X) + 0(* 6 (<r 22 )x) 

= 0 ((*“(<7ll) +< i, (p- 2 2)) x) 

= 0 (V®V)x) , 

as desired. 

For the Cardy condition, we now check that Th'.Jj = < c ®d< fl ® fc . The right hand side is 


W*"®' ( ^ v* ) - Cffirf (*>ll) + *'(< 7 - 22 )) 

( (tru)(cr22 ) ) 0 

\ 0 ‘d(‘ a (^ll)+i b (^22)) 

_ ( 7l?(<ru)+7tJ(tr22) 0 \ 

V o ^(piO+Tt^te) y' 


where in the last equality we used the Cardy condition. The rest now follows from lemma 5.8 
Q.E.D. 


Corollary 5.10. Any maximal Cardy fibration is additive. 

5.2.2. The Action of the Category of Locally Free sheaves. In this section we shall prove that another 
enlargement of the category SB can be made, by considering a label of the form .44 0 a, where 
.41 is a locally free -module and a £ SB{ l/j. A consequence of this construction is that every 
maximal fibration enjoys, besides an additive structure, an action of the (fibred) category of locally 
free sheaves, which is compatible with the additive structure. 

So let the locally free ^-module .44 be given, as well as a brane a £ 48(U) over 11. The new 
product brane .44 0 a is defined by 

(44®a)b ® Tab> 

Tb{JK®a) ® T}j a , 


( 39 ) 
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where the tensor product is taken over #u- In particular, we also have that 

^ (..//®a){^y r ®b) Horn (..■//, JV ) 0 r ab> 

by the canonical identification between .///"* 0 JF and Horn {.//,, ,/b) (so an object of the form (p 0 x 
shall be regarded as a homomorphism ./// —S- ,/h). Note that this definition let us also define a 
restriction 0 a)\y : — ./// y 0 a\y. Moreover, if we work on a semisimple subset U K £ it, then 
rand are locally free. 

The composition pairing 

can be also written as 

Jt* 0 ,/K 0 0 ^ 0 T„ fe 0 T bc —> JY * T ac ; 

hence, the map < f40] ) is built from two composition pairings, the one corresponding to composition 
of module homomorphisms, namely -,/Y* 0 jV 0 0 ,0 — > ..¥¥* 0 iX*, and the one corresponding 

to composition of maps of branes, Y ab 0 Tj, c -> Y ac . 

Lemma 5.11. We have a duality isomorphism Y^® a ) b = T* 0( v/0a) . 

Proposition 5.12. The correspondence (y/Y,a) ea M 0 a defines an action 

LFff u x &{U) —> 8(U) 

which is compatible with the additive structure. 

Theorem 5.13. With the previous definitions, the action LF^ U x u 3S\u —> 38\u is compatible with all the 
structures in a Cardy fibration. 

We thus obtain the following 


Corollary 5.14. Any maximal CY category & over M comes equipped with a linear action LF@ M x S3 —> 
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5.2.3. Pseudo-Abelian Structure. We shall now show that besides the additive structure and the 
action of the category of locally free sheaves, any maximal Cardy fibration should be pseudo- 
abelian. That is to say, given a £ 38 (U) and an arrow (Tq : a —>• a such that Ug — ctq, we shall assume 
that there exists branes Kq Ker <tq and to := Im ctq (which can also be taken as Ker(l„ — no)) such 
that 

• The brane a decomposes as a sum a = Kq 0 Iq and 

• using matrix notation, the map no is given by (o i°„) • 

As was done for the additive structure and the action of the category of locally free modules, 
the enlargement of the category of branes by adding kernels should be done by defining all the 
structure maps for this new object Kq, namely 9k 0 , i^ g , l k °, along with the verification of their 
properties. In particular, it should be noted that this definitions should agree with the additive 
structure. 

First note that an arrow Kq —t Kq is a composite of the form 

Kq — Kq © Iq Kq © Iq V Kq 


for some arrow n : a —> a, and hence r^ (| ^ () C T a a is a submodule. In fact, we have that 

r aa — rK 0 K 0 © Tk 0 i 0 © rj 0 jc 0 © r IoJo . 

For a £ 38 (U K ), consider the homomorphism p : r an —> T aa given by 

n ( rn 0-21 \ — ( 0 <r 21 ) 
r V 012 022 / 012 022 J ' 

Then p is clearly a projection with kernel r k (] k () which is then locally-free. A similar argument can 
be used to prove that for any label b E 38 (U a ), T K(j i, is also locall free; consider r, ; j, — T K(| /, © 
and the map rj : F a ;, —> T ab which projects to T /(| /,. Proposition |5T5j shows that also T [, K[j = F^ fo is 
locally free. 

We now turn to the structure maps. If a = Kq © Iq, the fact that 



suggests the definition of the linear form 6k () : F ^ (| k () —> (J\j by 


^o(^)- 0 o(So)- 
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Proposition 5.15. The diagram 

0K ° 

r K 0 b® r bK 0 -^KgKg ->- @U 

Ob 

^bKg^^Kgb -r bb -^ @U 

is commutative, and the top and botton composite bilinear maps are non-degenerate parings (the vertical 
arroiv on the left is the tzvisting map). 

Lemma 5.16. We have cp ±2 = cpil — 0. 

Theorem 5.17. The maps 6 k ()/ l^ 0 and i K ° satisfy the centrality, adjoint and Cardy conditions. 

Hence, we obtain the following 

Corollary 5.18. Any maximal CY category 33 over M is pseudo-abelian. 

5.2.4. Local Structure of a maximal Cardy Fibration. There is a further assumption to be made about 
maximal categories in order to obtain a full description. 

Definition 5.19. Let U C M be a semisimple open subset. We shall say that a label a £ 33(11) is 
supported on an index z'q if 

*«(e«o) — !«• 

Equivalently, i a (ej) — 0 for each; 7^ z'o- 

Lemma 5.20. Let i 7 ^ ; be two indices, 1 ^ i,j ^ n and let a, b be labels over a semisimple open subset of 
M. If a and b are supported on i and j respectively, then T a t, — 0. 

Proof. Pick an arrow cr £ T a j,. Then <7 = crl fl = 1 n a (ei) = Lb(ei)c = 0, as claimed. Q.E.D. 

Lemma 5.21. Let 33 be a maximal category ofbranes and U a semisimple open subset. For each index i, 

\ 3i 3 n, there exists a label supported on i. 
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Proof. Assume that this statement is false. We shall see that the maximality of 33 will not allow 
this to happen. 

So we first assume that i a (ef = 0 for each index j and each a £ 33(11). We define a new category 
to: the objects of '3(11) are objects of 33 (U) plus one label, which we denote by We also define 




Tg. a — r i;?! — 0; this definition is motivated by lemma 5.20 
9g. : T= iis the identity. 

Let X = Yjj Ayey be a local vector field. Then : .9[j —> Tf.j. and : Tg.g. —> 3/\j are given 
by 

z ? .(X) = A, and fi l ( A) = Ae,-. 


These definitions make X’ a Cardy fibration, contradicting the maximality of 33. Q.E.D. 


Proposition 5.22. Let U be a semisimple neighborhood. For each index i — 1 ,... ,n, there exists a label 
£ 33 (U) supported on i such thatTg.g. = ff u . 


Proof. Let i be an index, 1 ^ i ^ n. By lemma 5.21 we can pick a label a,- supported in i. If 
r= ^u, then cj, := a, is the label we are looking for. If not, we have that T ajtli can be taken 
to be a matrix algebra Mj. (&u) (the construction of such a label is assured by maximality of the 
category of branes, and can be proved by following exactly the same procedure used in the proof 
of lemma 5. 21}. Let then u £ T fl;H; be an idempotent matrix, which can be regarded as a morphism 


a : 


j —•* e u ' Moreover, assume that c is the projection 


^(Ai,.. •, A n ) — (Aj,..., A;_r,0, Aj^j,..., A n ). 


Then, as the category of branes is pseudo-abelian, we have that Keru = 3'u £ 33(U). As f/y is 
indecomposable, we should have TKercKertr — and hence f, Ker <7 is the object we were 
looking for. Q.E.D. 


Lemma 5.23. T^y — 0 for i -f j. 


Proof. This is an immediate consequence of lemma 5.20 


Q.E.D. 


We shall need the following decomposition for T a j,. 
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Proposition 5.24. For labels a,b £ 3S(U), with U a semisimple neighborhood, we have an isomorphism 

r fl b — 0%. 

i 

Proof. Define the map f : ©, T a j. ® Tj./, -► T nb by 

<p(oi <8> Ti,..., a n <g> T n ) = hQ- 


(41) 


Using the characterization given in 5.5 we have a local isomorphism 


©r fl?i ® T Sib = © ©Hom^ 

f f V i 


))•(? 


Hon Vu ( 6 u /-u 


AW AW 


By 5.23 we have that d(£;, k) — 8%, and thus 
© r a? ; ® — © Hom^ u ( 


d(a,i) 


1 Horn /? i e/ u , 




On the other hand, by 


5.3 


we also have that, locally, Y ab = ® ; Horn /,,, . Combin¬ 

ing these facts with pd) we conclude that the stalk maps cp x are in fact bijections for each x £ U. 
Q.E.D. 


A useful consequence of 5.24 is the following 


Corollary 5.25. For each label b over U, we have an isomorphism b = ® ; - Yg. b <8> 


Proof. Take any label c. By equations ( |39| ) and duality we have 

Hgm u(© r g ; & ^ ©%. ® Hom u (&,c) 

i i 

— © ® r ffi . c = r bc . 

i 

As c is arbitrary, the result follows. 


Q.E.D. 


Note that the coefficient modules in the previous result are unique, up to isomorphism: if b = 


©;-A ® £, then 


T fb = © * ® r ifo = Jty 


The next result addresses some uniqueness issues. 


Proposition 5.26. Let € £§(U) be as in 5.22 where U is semisimple. 
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(1) Let t]j be a label with the same properties as Then, there exists an invertible sheaf Jz? over U such 

that i]j = 0 The converse statement also holds. 

(2) If M is a locally-free module such that 0 £,■ = then 


Proof. For the first item, by 
= T SiVi . Then, 


5.20 


and 


5.25 


we have that p, = © ; T^. 0 gy = Tj.^. 0 Define now 


- r ™ - ® r ?,T; = 

The converse is immediate by properties of the action J-? 0 g,-. 

For (2), as 0 £,■ = £;, the modules T^j. and Tg.r^g,^ are isomorphic. Flence, 

- r £i(^®£i) ~ 


as desired. 


Q.E.D. 


Theorem 5.27. There exists an open cover it of M and an equivalence of categories 

®{U) ^ LPf u 

for each U 6 it, where LFf u denotes the n-foldfibred product of LF$ U . 


(42) 


Proof. Let it = {lb} be an open cover of M, where each U K is semisimple. Define a functor 
F a : &(U a ) —> LF^ u on objects by 


Fa(a) — (Tfjfl,..., 


where the objects f; are the ones of proposition 5.22 and on arrows by F a (a) — cr*; that is, if 
cr: a —t i>, then F a (cr)(r 1 , ... ,r n ) — (trri,... ,crr n ). We now define G a : LF^ —> OS(U K ) on objects 
by 

G a (^#i,..., y/i(n) — (J)0 


and on arrows by 


Goffi, ■ ■ ■ ,fn ) = (/i 0 id^, ...,/„ 0 idjJ, 


where /; : —> ./If. 
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We then have that F a C, a 


, • • • ,JKn) = (r^j a, ■ ■ ■ Where a := ® ; - J/j ® £ y . Now, 

% = 0Hom 

i 

i 


by d39) and 5.23 


The other way, we have G ft F a (a) = ®,- Tj. fl <g) which is isomorphic to a by 


5.25 


Q.E.D. 


In terms of the spectral cover, over each semisimple U C M we have zr -1 (U) = |J" =1 If,, where 
each Uj is homeomorpic to U by the projection n: S —? M, and thus we can write the n- fold 
product LF^ u asthepushout (/r* LF) (LZ) = LF^ ^ . But & n -i^ is the sheaf (zr* ) Iu, which 
is in turn isomorphic to the tangent sheaf 3\j[ by proposition 2.25 Moreover, if / : M —> N is 


a continuous map, then, by definition, the fibred categories /*LF^ M and LF f t ff M are equal. Thus, 
combining all these facts we can deduce that 


7T*LF^ s = LF~ LF 


&M' 


Corollary 5.28. Given a maximal Cardy fibration 38 over a massive manifold M, there exists an open cover 
it ofM such that the category 38(U) is equivalent to the category LF*r u of locally free ^-modules. 


Before stating the next result, we give a preliminary definition. Given a vector bundle E we can 
construct the exterior powers f\ k E which for a point x E M have fibre f\ k E x . Given now a bundle 
map (p : E —> F, we have that cp Ak : /\ k E —> /\ k F is given by 

4> M (ei A • • • A e n ) = (p(ei) A • • • A cp(e n ). 

After this brief comment about exterior powers, we can now give the definition we need (see 
l' Aud98 l and references cited therein). A Higgs pair for a manifold M is a pair (E, (p), where £ is a 
vector bundle and <p : TM —» End(E) is a morphism such that tp A (p — 0. This last condition is 
expressing that for each x £ M, the endomorphisms (p x (v) £ End ( E x ) (for v £ T X M) commute. 


Corollary 5.29. Given a £ 38(U X ), the transition homomorphism i a consists ofn Higgs pairs for U x . 
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The meaning of "consists of n Higgs pairs" is explained in the following proof. 


Proof. From theorem 5.27 we have an equivalence F a : PS(U a ) —> LF” /(; ; in particular, given a 


label a £ P§(U a ), we have a bijection 

H ° m #(U.)( fl / fl ) —5- Hom LF » (F a (fl),F a (<i)), 
which is in fact an isomorphism of algebras 

r aa —► ®End LF ^ (r &a ). 

k 

We can then assume that the transition homomorphism i a : r7\j x —> T na is in fact a morphism 

h : —> ® End LF ^ (r &8 ); 

k 

in other words, the map i a consists of n morphisms 

4 : '% -> End LF ffl4 ( F &«) • 

In our case, we have that the morphism i a is central; this condition can be also expressed by 
saying that the morphisms are central (k — 1,..., n). Hence, for each k — 1,..., n, (P^ k ai 4) is a 
Higgs pair for U K . Q.E.D. 


We shall now describe the BDR 2-vector bundle structure for the stack PS (check definition 3.11 
for details). 

We first point out that, being M paracompact, the open cover by semisimple open subsets it = 
{Lf ff } can be taken to be indexed by a poset (which we shall not include in our notation). For each 


index i — 1,..., n, let £ PS(U K ) be a label as in proposition 5.22 Let LI^ be another semisimple 
subset such that l/^j f 0 and let { ef } and {ef\ be frames of simple idempotent sections over U a 
and Up respectively. We then have a permutation u — u aj g : {1,..., n} —> {1,..., n} such that, 
over U a p, 


e — e' ,-s 

1 u(i) 


By proposition 5.26 the previous equation is equivalent to the existence of invertible sheaves .0) 


o:/3 




& = <g>^ r v 

U[l) *u(l) 


such that, over It, 
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Write (£“,..., ^) f . Then, we can write the previous equation in matrix form 

S* = Atftf, (43) 

where A u is a matrix obtained from the diagonal matrix 

diag (j^f 3 . Xf) 

by applying the permutation u to its columns. Let now 7 be such that U & p, f -f 0 and suppose that 
the idempotents are permuted according to v over l//;,., and w over U K y. 

Lemma 5.30. We have an isomorphism = A“„ 7 (he. the corresponding matrix entries on each side 

have isomorphic bundles). 

Proof. Assume that the idempotents are permuted according to 

• u over U K p, 

• v over Upy and 

• w over U XJ . 

Then, by uniqueness, we should have vu = w. Now pick a vector £ 7 . Then, the z-th coordinate of 
Alf A ^ 7 £ 7 is given by 0 0 ^l( u {i))’ anc * t ^ ie one corresponding to the product A^ 7 f 7 is 

J ^ 7 0 £ 7 ^. As both objects are isomorphic to they are both isomorphic, and hence by 

as desired. Q.E.D. 

If A — ( E{j) is an n X n matrix of vector bundles, we denote by rk A £ M n (No) the matrix 
which ( i,j ) entry is rk E,- ; . Then, by definition, 

det — ± 1 . 

Moreover, associativity of the tensor product renders the following diagram 

A K ^(A^A^) - {A^A^A'r 3 

Y Y 

A a PAP s _>■ A kS -z _ A“ 7 A 7<5 , 


5.26 








46 


ANIBAL AMOREO AND JORGE A. DEVOTO 


commutative (see definition 3.11). We can then state the following 


Theorem 5.31. Let Mbe a semisimple F-manifold of dimension n. Then, any maximal Cardy fibration 38 
over M has a canonical BDR 2-vector bundle of rank n attached to it. 


6. Branes and twisted bundles 


Let now sT be an algebra over M, i.e. a sheaf of (non necessarily commutative) ^vt-algebras, 
and assume also that sT is locally-free as an i^M-module. Let i : —» <// be a central morphism; 

this map provides szT with a structure of ifjvt-algebra. 


Lemma 6.1. If S is the spectral cover of M with projection n : S — t M, the topological inverse image 
7T —1 38 is a sheaf of rings (and of tc~ x (?M-modules) and is a ST-algebra by means of the central 

morphism n~ 1 i : n~ x ST —>■ n~ x sT zvhich is given by n~ 1 i(cr)q > — i n (y)i a '{y))- 

Proof. Recall that, for a sheaf over ST over M, n~ x ST is the sheaf given by n^S^fU) — S^(tz(U)). 
From this definition, the statement of the lemma readily follows. Q.E.D. 


In the following we shall consider the ringed space (S, fff) and also M with two different ringed 
structures: one given by and the other by the sheaf of algebras ST. By proposition 12.251 we 
have distinguished maps U\ : S'm —> 71 * &s and u.2 : ST -4 n> Sc,, which can be regarded as the 
inclusion / i —> fl and the identity, respectively. This maps define two morphisms of ringed spaces 
[n,Ui) : (S, 0 s ) — > (M, ff M ) and (71,1(2) : (S, &$) S (M,ST). By the adjunction between 7 r* and 
7T _1 we have change-of-ring morphisms 

,-l. 


71 


and n 1 ST 


(44) 


and the inverse images 


n* ST = 1 ST 

7 x*sT — a? tC x sT 


are <b s -algebras. By considering the morphism n*ST ->- n*.</T , the sheaf n’",<// turns 

out to be a n* ^-algebra. The actions that provide these algebra structures will be described ex¬ 
plicitly after introducing some other tools that we need. 
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Lemma 6.2. Let stf be a sheaf of commutative Stf-algebras over S, where is a sheaf of commutative rings. 

Then is a sheaf of n t .^-algebras. 


In what follows, we regard S as being a submanifold of T*M; i.e. points of S are multiplicative 
linear maps cp : T X M —> C, where x — n(cp). We now define a global section (To G T(S; n~ x 3'') in 
the following way: we let ctq : S —> U,pes ^n(f) be given by 

cr 0 (cp) : = 


where x — n(cp) and ef. is the germ at x of the unique idempotent local section e' 1 ’ : LI —? TM 
which verifies cp(e < f(x)) — 1. Note that cr 0 induces a section 1 0 < 7 0 G T(S; n*L7) and, moreover, <Jo 
as well as 1 0 Go are idempotent. Likewise, cy also induces (global) idempotent sections on tt -1 /// 
and tc*s3 given by 7r _1 ;((7o) and 1 0 7T —1 r (crq ), respectively To be more explicit, we have 

1 0 (To G T(S; 71*^) , 1 0 (7g : S —> u 

<pes 

JT -1 i(c7o) G T(S- r n~ 1 ^/) , 7r _1 i(cr 0 ) : S—> \_\ 

cp€S 

1 0 7T _ 1 /(co) G T(S; 7Z*&/) , 1 0 7T _ 1 i(ctq) : S —» U &S,<p 

cpes 


given by the following expressions: 


(l 0 Po)<p = 1 0 ej, 

= h(ef), 

(1 0 7r _1 i((ro)) ? = 10 t*(e!£), 

where x = Tc(cp). 


Proposition 6.3. Let s3 he an algebra over a space M and let e G st(M) be a global idempotent section. 
Then the assignment 

U i—> es/(U) — {ea | a G 4/(11)} 


is a sheaf of ideals. 


Proof. Let {11;} be an open cover of an open subset U C M; for each index i, let c, G es3 (11,) such 
that Tj = <Tj over U,j. Then we have: 
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(1) for each i, there exists a section T; G g/(Uj) such that <r, = er, and 

(2) as .e/ is a sheaf, there exists a unique section <7 G a/ ( LI) with tr| jj — <7, for each i. 

Consider now the section ecr G e.t/(II). Then, over If, we have 

(ecr)lu; = Wi = e(erj) = er,- = cr ; , 

and thus, by uniqueness, a — ecr G srf (II) . Q.E.D. 

Notation 6.4. The sheaves (1 ® cr 0 )n* and (1 <S> tc~ x fcrf^n* , will be denoted by STf and 
respectively The notation et will be adopted for the germ t x (ef ). 

By the previous result, the sheaves '7f and rr/f are ‘algebras and their stalks are given by the 
expressions 

’^0,cp ~ ^S,cp ®&M,x 
£^0,1p ~ ^S,q> 

where x — n{cp). 


Notation 6.5. From now on, we will supress the coefficient rings in the notation of the tensor 
product. 

Proposition 6.6. There exists a canonical isomorphism of 6g-algebras STf ——> ffg. 

Proof. The correspondence 0$ given by / 1 —» / 0 00 . provides the desired isomorphism. 

Q.E.D. 

Combining |2.25| and |6.6| we have the following 
Corollary 6.7. There exists a canonical isomorphism of ff^-algebr,as 

n *^ 0 * A ST. 


Lemma 6.8. If U C Mis a semisimple neighborhood with basis {e\,... ,e n }, there exists an isomorphism 

U — 0'( e O' a %- 
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Proof. Define cp : st\ u -A © ; - i(ei)£/\u by 


fir) =Ei( e i)r- 

i 

Recalling that the stalk ^© ,• i(e,),e/| ^ is given by © v e x s^ x , the statement of the lemma follows. 
Q.E.D. 

Theorem 6.9. The assignment (hait defines an isomorphism of ST -algebras 

srf —> 7t*,c/ 0 *. 

Proof. The equalities 1 = 1 and cr + t — cf + t are straightforward to verify Let us now check that 
or — a t holds. We have 

(vt) x = J2 1 <S> £ x cr x T x 

7T —1 (x) 

= 1 ®efo- x elr x 

<pG7r _1 (x) 

Y_, l(8)e.V x J J J2 J = d- x r x . 

<f>G7r _1 (x) J \<pen-Hx) J 

Let X be a vector field on M with local representation X = 5Z<pe7r— 1 (x) We will now check 

that X • a — X ■ a, which is almost a tautology. The left hand side is 

(X ■ u) x — 1 T.f, x efc x . 

<pG7r _1 (x) 

= A^, <g> efa x , 

<pG7r _1 (x) 

where A is the map on 7r~ 1 (lf) defined by A(<p) = \{n(cp)). But the right hand side is precisely 

(X-r) x . 

We will now prove that the assignment a ha a is a sheaf isomorphism, so we will check that at 
the level of stalks, the maps srf x -A ) are bijections. 

Let t x E ) % be given by t x = E ?e 7 r -i(*) f<p ® el^<p,x- Assume also that f (p is the germ of 

a function, which, abusing, we denote again by fy, defined in a neighborhood l/ (/ , of (p such that 
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7t|q is a homeomorphism. If we define 

&x — ( f(prt )x£cp,x&(p,x G 

<p€7t~ 1 (x) 

then o'x 1 —t t x . 

Suppose now that if* = I] f( , e7r i( T j 1 <S> e' Y V Y = 0. As all the modules (stalks) involved are free, 
this equality implies immediately that efo x — 0 for each cp G /T _1 (x), and thus J x — 0. This 
finishes the proof. Q.E.D. 

Recall now that a functor F : X —t Y is said to be essentially surjective if for each object Y G Y 
there exists an object X G X such that F(X) is isomorphic to Y. For a sheaf of rings or algebras M , 
we let Mod -jj* denote the category of ^-modules. The previous results can then be summarized in 
the following 


Theorem 6.10. The functor n * : Mod$ —> Modgr is essentially surjective. 


6.1. A Correspondence Between Branes and Twisted Vector Bundles. Consider now a global 
label a G 38 (M); we can then apply the machinery of the previous sections to the .Y-algebra T aa . 
Hence, by i 


6.10 


there exists an ^-algebra T aa such that /r*T flfl = T fl 


Theorem 6.11. f aa is an Azumaya algebra over S. 

Proof. Let x G M and let Li be a semisimple neighborhood of x, with 7T _1 (Li) = jJt Ui If a G 38(M) 


is a global label, then we can apply 5.3 to the restriction a\u. Let {e\,...,e n } be a frame of simple, 
orthogonal idempotent sections over Li. Suppose now that e t is the section corresponding to the 
sheet Li,-. By constructions in the previous section, and also theorem 5.3 and remark 5.4 we can 
write 

r«fl| jj. — ~ L a( e i)^aa\u — 

Q.E.D. 


Note that the dimension of the matrix algebras may vary at different sheets: if T aa is isomorphic 
over a semisimple Li to ®iM|j.(%), then, if cp G U, re (cp) — x G Li and Li is a sufficiently small 
neighborhood around cp, we have that 






2-VECTOR BUNDLES, D-BRANES AND FROBENIUS MANIFOLDS 


51 


If the cover S is connected, then this dimension is constant. In this case, we then have a twisted 
vector bundle E„ over S such that 

END(E„) = f aa . 


From now on we shall assume that S is connected. 

Take now two boundary conditions a, b G dS(M) such that T an = TOn a semisimple open 
subset 11, we can represent both labels in the form 


a \lli — (J) ^k ® 
k 

b\Ui = ® <A®$k' 
k 


where -Ap are locally free 
©/clnd^ t ) and T bb \ Ui = 


modules and ^ are the objects of proposition 
©fc End /r u (uffc). By theorem 


5.22 


Then, T 


rs j 

aa | (i — 


6.11 


and the connectivity of S we can 


write 


Taolu,. = End®£ (^«), 

( 45 ) 

Twlu,- =End®^(^W). 


for some locally free modules and over U{. As T aa and T bb are isomorphic, we can 
assure the existence of invertible sheaves , r Z' l such that ■/¥ ■'j = 0 . By shrinking the open 

subset if necessary, we can regard these invertible sheaves as free. 

From equations ( [45} let us denote by ■¥/, and the locally free sheaves with local representation 

End ^y ) and End /? (ubW) respectively. Then 

Ui Uj 

• ./// and JV are Azumaya algebras. Hence, there exist twisted bundles E and F such that 

— Tend(E) - T = r END ( F ). 

• As T aa and T bb are isomorphic, ■ // and . V are also isomorphic. In particular, END(E) and 
END(F) are isomorphic. 


Proposition 6.12. Let E and F be two twisted bundles over a space M. Then the algebra bundles END(E) 
and END(F) are isomorphic if and only if there exists a tivisted line bundle E such that F = E ® L. 
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Proof. We make use of 3.16 Let IE, F be given by 


E = (if, Uj x C n ,gij,Aij k ), 

F = (if, Uj x C n ,fij,}i ijk ). 

For the "if" part, let L be given by (it, If, x C, £ij,t]ijk)> where : Ujj —> C x . Assume that w,-y : 
Ujj —> GL(M„(C)) are the cocycles for END(E <8> E); then, 

u ij( x )(A) = ^j{x)g i j(x)Ag ij (x)- 1 ^ ij (x)- 1 

- gij(x)Agij(x)- 1 , 


which are precisely the cocycles for END(E). 

For the "only if" part, assume that END(E) = END(F) and let {a, : If, —> GL(M„(<C))} be a 


family of maps as in 3.16 Then, for each n x n matrix A we have 


fij( x )Afij(x) 1 = («i(*)gf/(*)«/(*) 1 )A(« i (*)gf 7 -(*)« ; -(*) X ) 1 


over Ujj. This equality implies that there exists a map f,-y : Ujj -A C x such that 

fij{ x )~ 1 ° c i{ x )gij{x)Xj(x)~ 1 = £jj(x) 1 


(46) 


or, equivalently, 

fij ( x ) = *i(*)£y(*) -1 gi/(*)*/(*) -1 / 

where a, (x) is regarded here as an invertible matrix (by the Skolem-Noether theorem). 

We now only need to show that {£,y} is a (twisted) cocycle. Multiplying equation |46j by the 
one corresponding to Cqj, and using the twistings for E and F (we omit any reference to x € Ujj% 
for simplicity) we obtain 

Xjf^ijkgjkXj. ^ij^jkPijkfikr 

rearranging the last equation we must have 

£ij£jk — ^-ijkPjjk £ikr 


as desired. 


Q.E.D. 
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Let now B(M) / ~ be the set of labels over M subject to the identification 

a~b <==> T na = T bb 

and let TVB(S) be the set of twisted vector bundles over S. We can then define a map 

d>:B(M)/-> TVB(S)/ij^l0E 

by <l>(fl) = E fl , where L is a twisted line bundle. The results obtained in the previous paragraphs 
let us conclude with the following characterization of branes in terms of twisted bundles. 

Theorem 6.13. The map <£> is injective. 


In other words, we can regard each label (up to equivalence) over M as a twisted bundle (again, 
up to equivalence) over the spectral cover. 

Now, by theorem 3.21[ we have a bijection 

Y : TVB(S)/e~L 0 E A Vect(S)/ E ^ L0£ , 


and then every brane a € B(M) can in fact be taken as a vector bundle over S, up to tensoring with 
a line bundle. 
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